INTRODUCTION AND PRELIMINARIES
Orbitally complete metric spaces have been investigated by a number of researchers in connection with so many contractive conditions to obtain asymptotic fixed point theorems. In this praxis we prove asymptotic fixed point theorems for the class of (δ , k)−weak contractions as an extension of Ciric [7] result for quasi-contractions in T −orbitally complete metric spaces.
Fixed point theorems for (δ ; k)−weak contractions have been proved by Berinde in the context of complete metric spaces. A complete metric space is T −orbitally complete metric space but the converse does not hold, so our results are extensions of those of Berinde as well.
The Banach contraction condition, in a metric space (X, d), given by d(T x, Ty) ≤ Ld(x, y), 0 ≤ L < 1, has so many generalizations -significant among which include the class of generalized contractions defined by Ciric [6] as follows: A mapping T : X → X is called a generalized contraction if and only if there exist nonnegative numbers q, r, s and t such that:
(1) sup{q+r +s+2s} < 1 and d(T x; Ty) ≤ qd(x, y)+rd(x, T x)+sd(y, Ty)+t[d(x, Ty)q+d(y, T x)].
T is called contractive if:
while T is called a quasi-contraction (Ciric [7] ) if there exists L ∈ (0, 1) such that
Ciric [7] observed that the class of quasi-contractions contains the class of generalized contractions as a proper subclass.
It is worth mentioning that the contractive condition (2) restrict applications only to the class of continuous operators while the contractive conditions (1) and (3) accommodates discontinuous operators as well. The search for contractive conditions that do not require continuity of operators culminated in 1969 with the appearance of the Kannan [9] contractive condition below:
The Chatterjea [5] contractive condition which followed is independent of both the contractive condition (2) and the Kannan condition (4) which in turn is independent of (2). Consequently unlike condition (2) the Kannan condition (4 does not generalize the well known Banach condition above. In a first attempt, the three contractive conditions were combined by Zamfirescu [12] in one theorem to generalize and extend the Banach fixed point theorem. Rhoades [11] noted that the Zamfirescu result is generalized by the Ciric contractive condition (3). There have been numerous generalizations and extensions of the Banach fixed point theorem in literature and they are, basically, modifications of those mentioned above.
Following Ciric [7] , Berinde [1, 2] introduce the following the notion of (δ , k)−weak contractions:
Let X be a metric space, δ ∈ (0, 1) and k ≥ 0, then a mapping T : X → X is called (δ , k)−weak contraction (or a weak contraction) if and only if:
Berinde proved the following results:
) be a complete metric space and T : X → X be a (δ , k)−weak con-
(2) For any x 0 ∈ X, the Picard iteration {x n } 1 n=0 given by x n+1 = T x n , n = 0, 1, 2, ... converges to some x * ∈ Fix(T ).
(3) The following estimates:
hold, where δ is the constant appearing in (5.
(4) Under the additional condition that there exist θ ∈ (0.1) and some k 1 ≥ 0 such that:
for all x; y ∈ X the fixed point x * is unique and the Picard iteration converges at the rate d(
It is observed in Berinde [1, 2] that most contractive-type conditions including those of Edelstein [8] , Kannan [9] , Zamfirescu [12] , Ciric [7] and several others can be and are being studied and investigated under the concept of (δ , k)−weak contractions. An excellent compilation and comparison of different contractive definitions and fixed point results, prior to introduction of (δ , k)−weak contractions, is treated in Rhoades [11] .
Following Ciric [7] we employ the following notations: 
Theorem 4. Let T be a self-map of a metric space (X, d) which is T −orbitally complete. Suppose, for every pair x, y ∈ X and q ∈ [0, 1), T satisfies the following contractive condition:
Then, (a) T has a fixed point p ∈ X, (b) lim n→∞ T n x = p, and (c) for every x ∈ X we have
MAIN RESULTS
To prove the main results, we prove the following analogues of lemmas in Ciric [7] Lemma 5. Let (X, d) be a metric space, T : X → X a (δ , k)−weak contraction and n ∈ N then, for each x ∈ X we have
PROOF Let 1 ≤ j ≤ k ≤ n ∈ N and for any x ∈ X we have:
This proves (9) . To prove (10), we observe that for any n ∈ N and for a given x ∈ X we have, using (9):
for some j * and k * satisfying 0 [7] ) and the proof is done. Suppose
In this case setting p = k * − j * we make use of the fact that d(T n x, T n+1 x) ≤ δ n d(x, T x) (see [1, 3] ) to obtain:
By induction, since the last inequality holds for all n we have that the desired result holds viz, for all pair x, y ∈ X, some δ ∈ [0, 1) and L ≥ 0. Then, (a) T has a fixed point x * ∈ X, (b) lim n→∞ T n x = x * , and (c)
for every x ∈ X.
PROOF
It follows from equation (12) 
n > m. This means that {T n x} ∞ n=0 is a Cauchy sequence which, considering the fact that X is a T −orbitally complete metric space, converges to a limit x * in X. That x * is a fixed point of T (i.e x * = T x * ) follows from (13) since for all x ∈ X we have d( 
We observe that equation (15) holds for all n ∈ N and d(x n , x * ) −→ 0 as n −→ 0. Therefore x * = T x * since d(x * , T x * ) can be made arbitrary small with arbitrarily large n. This proves (a) and (b). The proof of (c) follows from that x * ∈ Fix(T ) and from equation (15) viz:
This completes the proof.
